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On the Performance of Random Beamforming
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Abstract—The performance of random beamforming
(RBF) with partial channel state information (CSI) feedback
is investigated here for millimeter wave (mmWave) multiuser
multiple-input single-output (MU-MISO) downlink systems
using the uniform random multipath (UR-MP) channel model.
In particular, the required number of users in the cell for RBF
to yield linear sum rate scaling with respect to the number of
transmit antennas is identified under the UR-MP channel model
for different levels of channel sparsity. Then, the problem of user
scheduling in MU-MISO downlink is considered when the number
of users in the cell is not sufficiently large (sparse user regime) for
the system to operate in the identified sufficient user regime. By
exploiting the sparsity of mmWave radio channels, several user
scheduling algorithms based on beam aggregation with reasonable
amount of feedback are proposed for the sparse user regime. Our
numerical results show that the proposed algorithms yield very
good sum-rate performance in sparse mmWave channels.

Index Terms—mmWave, multiuser MIMO, random beamform-
ing, uniform random multipath channel model, user scheduling.

I. INTRODUCTION

T HE unprecedented demand for higher data rates, mainly
due to the rapid growth of mobile traffic and the use of

smartphones and tablets, are creating challenges for wireless
service providers to operate in larger bandwidth. Millimeter
wave (mmWave) multiple-input multiple-output (MIMO) oper-
ating in the band of 30-300GHz has recently been under
research to reveal its potential as a promising technology for
obtaining high data rates for 5G wireless communication. Radio
propagation in the mmWave band has different characteristics
from that in the lower radio bands used in current 3G/4G wire-
less communication. The propagation in the mmWave band is
highly directional with large path loss and very few multi-paths,
which are sparse in the departure and/or arrival angle domain
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[2]–[7]. To perform highly directional downlink beamforming
for compensating for the large path loss in the mmWave band,
accurate channel estimation and channel state information
(CSI) feedback to the base station (BS) are required [8].
However, channel estimation and CSI feedback induce heavy
system overhead in MU-MIMO downlink systems.

One way to overcome the burden of channel estimation
and CSI feedback is the multi-beam random beamforming
(RBF) method proposed in [9]. Therein, the BS generates a set
of random orthogonal beams, selects the user that experiences
the largest signal-to-interference-plus-noise ratio (SINR) for
each beam, and then transmits data streams to the selected
users associated with the set of orthogonal beams. Hence, RBF
does not require full CSI but yields reasonable (asymptoti-
cally optimal) performance with partial CSI feedback (scalar
SINR) by exploiting the multiuser diversity (MUD) gain in
the network. Due to the aforementioned advantages, RBF and
the associated MUD gain have been investigated extensively
over the past decade, especially under the rich scattering chan-
nel model that assumes independent and identically distributed
(i.i.d.) Rayleigh fading for each element of the channel vec-
tor with small-scale MIMO in the low frequency band in mind
[9]–[13]. It has been shown that under the i.i.d. Rayleigh fading
channel model, the RBF sum rate RRBF in a K-user MISO
downlink system with M transmit antennas scales as [9]

RRBF �
{
M log logK, for fixed M,
cM, for M = O(logK),

(1)

where x � y indicates that limK→∞ x/y = 1, and c is a posi-
tive constant. Furthermore, Sharif and Hassibi showed that [9]

lim
K→∞

RRBF

M
= 0, (2)

when limK→∞ logK
M = 0, i.e., K = o(ec

′M ) for some constant
c′. In other words, in order to achieve linear sum rate scal-
ing by RBF with respect to (w.r.t.) the number of transmit
antennas, the number of users in the cell should increase expo-
nentially w.r.t. the number of transmit antennas. This result
puts a pessimistic view on the RBF method to be used in
large-scale antenna arrays as in massive MIMO [13], [14].
However, this pessimistic result is based on the assumption
of i.i.d. Rayleigh fading channel, which captures rich scatter-
ing in small-scale MIMO systems at low frequency bands and
is not suitable for large-scale MIMO systems in the mmWave
band with very few multi-paths and quasi-optical propagation
[2]–[5]. Recently, Lee et al. [15] considered the RBF method
in mmWave MU-MISO downlink and analyzed its perfor-
mance under the uniform random single-path (UR-SP) channel
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TABLE I
SUFFICIENT NUMBER OF USERS FOR LINEAR

SUM RATE SCALING W.R.T. M

which models the quasi-optical propagation characteristics of
the mmWave band [4], [5], [15]. They showed very different
behaviors of the RBF method under the UR-SP channel model
from those under the conventional i.i.d. Rayleigh fading MIMO
channel model. That is, linear sum rate scaling by RBF w.r.t. the
number of transmit antennas may be achieved with increasing
only linearly the number of users in the cell w.r.t. the number
of transmit antennas under the UR-SP channel model [15]. This
result puts an optimistic prospect for the RBF scheme to be used
in mmWave massive MIMO.

In this paper, we analyze the performance of RBF for large
antenna arrays in general channels beyond the UR-SP chan-
nel model. For that, we first propose a new channel model,
coined as the uniform random multi-path (UR-MP) channel
model, which captures the multiple propagation paths from the
BS to each user and is still analytically tractable. Under the
UR-MP channel model, the number L of multi-paths deter-
mines the sparsity (or richness) of channel scattering. Based
on the proposed UR-MP channel model, we answer the follow-
ing fundamental question regarding the performance of RBF:
“how many users in the cell are sufficient for RBF in order to
achieve linear sum rate scaling w.r.t. the number M of transmit
antennas?” for different levels of channel sparsity, namely fixed
and finite L (this case includes the UR-SP channel model), log-
arithmically increasing L = logM , fractional power function
L = Mβ with 0 ≤ β < 1, and linear function or faster L = Mβ

with β ≥ 1 1 as M tends to infinity. The results are summarized
in Table I.

When the number of users in the cell is sufficient high (dense
user regime) to achieve linear sum rate scaling, RBF can be
used to operate the system exhibiting satisfactory performance.
However, in the sparse user regime, the number of users in
the cell may not be sufficiently high for the system to oper-
ate under a sufficient number of users, although the sufficient
number of users for linear sum rate scaling in sparse mmWave
channels is much smaller than that required for rich scattering
channels. This scenario may be relevant in small cell networks,
in which case the conventional RBF may not be efficient. Thus,
in this paper, we next consider the problem of user scheduling
for MU-MISO downlink with sparse mmWave channels in the
sparse user regime. By exploiting the sparsity of mmWave radio
channels and insights from our previous work [15], we propose
several user scheduling methods suitable for MU-MISO down-
link with sparse mmWave channels. The proposed scheduling

1This case corresponds to the i.i.d. Rayleigh fading channel model. See
Section II-A.

methods implement maximum ratio transmission (MRT) beam-
forming or equal gain combining (EGC) transmit beamforming
with a reasonable amount of feedback for the sparse user
regime. Furthermore, a two-phase feedback-based scheduling
algorithm is proposed based on these methods to enhance the
performance. The proposed methods yield good performance
in sparse mmWave channels.

Notation: Vectors and matrices are written in boldface with
matrices in capitals. All vectors are column vectors. For a
matrix A, AH and AT indicate the conjugate transpose and
transpose of A, respectively. IM is the M ×M identity matrix,
and 1 denotes a column vector with all one elements. x ∼
CN (µ,Σ) means that random vector x is complex Gaussian
distributed with mean µ and covariance matrix Σ, and θ ∼
Unif(a, b) means that θ is uniformly distributed for θ ∈ [a, b).
E[·] denotes statistical expectation. C is the set of complex
numbers. ι =

√−1.

II. SYSTEM MODEL

We consider a MU-MISO downlink network composed of a
BS equipped with a uniform linear array (ULA) of M trans-
mit antennas and K single-antenna users. We consider the
RBF scheme [9] that chooses S users among the K users
in the cell and broadcasts independent data streams to the
S selected users with beam vectors w1, · · · ,wS . (The RBF
scheme will be explained in detail in the next section.) During
the data transmission period the received signal yk at user k is
given by

yk =
√
ρhH

k wkxk +
√
ρ
∑
j �=k

hH
k wjxj + nk, (3)

where

hk = [hk,1, hk,2, · · · , hk,M ]T (4)

is the channel vector from the BS to user k, wk is the unit-
norm beamforming vector for user k, xk is the data symbol for
user k, and nk ∼ CN (0, 1) is the additive circularly-symmetric
Gaussian noise at user k. Here, we assume xk ∼ CN (0, 1)
and further assume that the total transmit power Pt is equally
distributed to each data stream. Hence, ρ is given by ρ = Pt

S
and ρE[||hk||2] is the average received signal-to-noise ratio
(SNR) for user k since the noise variance is one.

A. The Proposed Channel Model

The most widely considered channel model for (4) is the i.i.d.
Rayleigh fading channel model. Under this channel model, each
element hk,m in hk is given by

hk,m
i.i.d.∼ CN (0, 1),m = 1, · · · ,M. (5)

The i.i.d. Rayleigh channel model has been used to capture
rich scattering environments in conventional lower band MIMO
communication and most MUD gain analysis was conducted
under this channel model and its variants such as correlated
fading [9], [11]–[14], [16]. However, this channel model is
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not relevant to the mmWave band in which radio propagation
is highly directional and there exist very few multi-paths [6],
[17]–[19]. Recently, the UR-SP channel model was proposed
in [4], [5] to model highly directional wireless channels in the
mmWave band. Under the UR-SP model, the channel vector of
user k is given by [4], [5], [15]

hk = αk

√
Ma(θk), for k = 1, · · · ,K, (6)

where the single-path link gain αk is i.i.d. Gaussian-distributed,

i.e. αk
i.i.d.∼ CN (0, 1), the normalized direction θk for user k is

i.i.d. with θk
i.i.d.∼ Unif[−1, 1], and a(θ) is the ULA steering

vector given by

a(θ) =
1√
M

[1, e−ιπθ, · · · , e−ιπ(M−1)θ]T . (7)

Although the UR-SP channel model is analytically tractable
and captures well the highly directional radio propagation in the
mmWave band, it is an extreme channel model since it captures
the limiting case of only a single path. Since our goal in this
paper is to analyze the performance of RBF under more realis-
tic, non-extreme, channel model, i.e. models capturing settings
in-between the UR-SP and i.i.d. Rayleigh fading MIMO chan-
nels, we propose a new channel model that can capture both
channel models and represents different levels of channel scat-
tering sparsity by extending the UR-SP channel model. In the
proposed channel model, the channel vector hk of user k is
given by

hk =

√
M

L

L∑
i=1

αk,ia(θk,i), (8)

where L is the number of multi-paths, and αk,i
i.i.d.∼ CN (0, 1)

and θk,i
i.i.d.∼ Unif[−1, 1] are the path gain and normalized

angle-of-departure (AoD)2 of the i-th path of the channel vec-
tor hk, respectively. Here, the normalized AoD θ ∈ [−1, 1] is
related to the physical AoD φ ∈ [−π/2, π/2] as

θ =
2d sin(φ)

λ
, (9)

where d and λ are the distance between two adjacent antenna
elements and the carrier wavelength, respectively. Note that the
normalized AoD is the sine function of the actual AoD. We
assume here the critical spatial sampling of d

λ = 0.5. Note that
the channel vector hk in the proposed channel model is the sum
of L uniform random multi-paths with complex Gaussian gains.
Thus, we refer to this channel model as the UR-MP channel
model.

By varying the number L of multi-paths, the UR-MP channel
model can capture various levels of channel scattering sparsity.
In the simple case of L = 1, the proposed channel model is
expressed as hk =

√
Mαk,1a(θk,1), which is the UR-SP chan-

nel model (6) considered in [4], [5], [15]. In the asymptotic
scenario in which the number M of transmit antennas tends
to infinity to model large-scale antenna arrays, we can consider

2Since we consider the MISO case, AoD matters. We assume that there
exists a scatter or reflector at each AoD included in the model (8) to generate a
propagation path from the BS and user k at that AoD, as shown in Fig. 1.

Fig. 1. The proposed uniform random multipath (UR-MP) channel model
(L = 3): The uniform randomness is in the arrival-of-departure angle domain.

Fig. 2. FM (θ̃) in (15) when M = 100.

several functions for L as a function of M . We consider
• fixed and finite L(≥ 1) irrespective of M ,
• a logarithmic function L = logM ,
• a fractional power function L = Mβ with 0 ≤ β < 1, and
• a linear or faster function L = Mβ with β ≥ 1.

Note that the first three cases correspond to sparse channel
models since L/M → 0 as M →∞. In particular, the UR-MP
channel model with the fractional power function L = Mβ with
β > 0 is useful. It captures the channel scattering sparsity with
the single parameter β. When β = 0, it reduces to the UR-SP
channel model. When β > 1, on the other hand, it converges to
the i.i.d. Rayleigh fading channel model in the sense specified
in Theorem 1.

Theorem 1: Under the UR-MP channel model with the
fractional power function L = Mβ , we have

L (hk|θk,1, · · · , θk,L) = CN (0,R(θk,1, · · · , θk,L)), (10)

where L (hk|θk,1, · · · , θk,L) is the distribution of hk con-
ditioned on (θk,1, · · · , θk,L). Furthermore, we have for any
ε > 0,

Pr(|R(θk,1, · · · , θk,L)− I|E ≥ ε11T )→ 0, (11)

as M →∞, if β > 1, where the probability is computed

according to θk,i
i.i.d.∼ Unif[−1, 1], and |·|E represents the

element-wise absolute value. That is, the conditional channel
covariance matrix R(θk,1, · · · , θk,L) converges to I uniformly
in elements in probability. On the other hand, when 0 ≤ β < 1,
the conditional channel covariance matrix has rank at most
L = Mβ < M and is rank-deficient.
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Proof: See Appendix A. �
When β ∈ (0, 1], the channel model lies somewhere in-

between the UR-SP and i.i.d. Rayleigh fading channel models.
Thus, under this model, the parameter β of the model mono-
tonically represents the richness in scattering in the propagation
between the BS and the considered user.

III. PERFORMANCE ANALYSIS IN THE

SUFFICIENT USER REGIME

In this section, we first explain the considered RBF scheme,
which is referred to as randomly directional beamforming
(RDB). Then, we identify how many users K are sufficient for
RDB to achieve linear sum rate scaling w.r.t. the number M of
antennas under the UR-MP channel model for different levels
of channel scattering richness. Since in this section we consider
the case that RDB achieves linear sum rate scaling w.r.t. the
number M of antennas, we set the number S of selected users
for RDB as S = M .

The conventional RBF scheme operates as follows [9].
S.1 Random beam selection/generation: The BS generates a

set of random orthonormal beam vectors {wb}Mb=1 that
form an orthonormal basis of CM .

S.2 Training: The BS transmits the selected beam vectors
{wb}Mb=1 sequentially in time. Then, each user k in the
cell measures the inner product hH

k wb between its chan-
nel vector hk and the transmitted beam wb for b =
1, 2, · · · ,M .

S.3 SINR computation and feedback: At the end of the train-
ing period, each user k computes the SINR for each beam
b and feeds back to the BS the maximum SINR value and
the corresponding beam index. Here, SINR for user k at
beam b is given by

SINRk,b =
ρ|hH

k wb|2
1 + ρ

∑
b′ �=b |hH

k wb′ |2 . (12)

Thus, each user feeds back one integer and one real num-
ber to the BS. Note that this SINR definition assumes that
the b-th beam is assigned to user k and all other M − 1
beams are assigned to other users [9]. Thus, all M beams
are used for data transmission in this setting.

S.4 Scheduling and data transmission: After feedback, the
BS groups users according to their maximum SINR beam
index and selects one user with maximum SINR for
each beam b = 1, · · · ,M . After scheduling, the BS trans-
mits data to the selected M users with the beam vectors
{wb}Mb=1.

In the considered RDB scheme, assuming highly-directional
propagation environments as in the mmWave band, we con-
struct the M transmit beams based on the beam direction. That
is, the orthonormal beam basis {wb}Mb=1 is designed as

wb = a(ϑb) = a

(
ϑ+

2(b− 1)

M

)
, for b = 1, · · · ,M, (13)

where a(·) is defined in (7), and ϑ ∼ Unif[−1, 1] or equiva-
lently ϑ ∼ Unif[−1,−1 + 2

M ] is a random offset value. Thus,
the RDB scheme uses M beams equispaced in the normal-
ized angle domain with a uniform random offset. Note that

in the RDB scheme, the inter-beam interference results when
the user is not located at the exact boresight angle ϑ+ 2(b−1)

M
but located somewhere in-between equispaced boresight beam
angles.

The expected sum rate of the RDB scheme is given by [9]

Rsum =

M∑
b=1

Rκb
=

M∑
b=1

E [log (1 + SINRκb,b)] , (14)

where κb = argmax1≤k≤K SINRk,b and SINRk,b is defined
in (12). As seen in (3), the magnitude of the inner product of
two normalized array steering vectors plays an important role
in computing SINR in the RDB scheme, and is given by

|a(θ)Ha(ϑ)| = 1

M

∣∣∣∣∣
M−1∑
n=0

e−ιπn(ϑ−θ)

∣∣∣∣∣ = 1

M

∣∣∣∣1− e−ιπ(ϑ−θ)M

1− e−ιπ(ϑ−θ)

∣∣∣∣
=

1

M

∣∣∣∣∣ sin
π(ϑ−θ)M

2

sin π(ϑ−θ)
2

∣∣∣∣∣ =: FM (ϑ− θ), (15)

which is the square root of the Fejér kernel of order M
[20], defining the beam pattern of ULAs. We introduce use-
ful lemmas regarding the square root of the Fejer kernel FM (·)
required to prove several theorems in this section regarding the
RDB rate performance under the UR-MP channel model.

Lemma 1: [15] For |θ̃| ∈ (0, 1], we have an upper bound for
FM (θ̃) as

FM (|θ̃|) ≤ 1

M |θ̃| . (16)

Lemma 2: [21] FM (θ̃) is upper bounded by a piece-wise step
function given by

FM (|θ̃|) ≤
M/2∑
j=1

1

j
· 1

[
2(j−1)

M , 2jM )
(|θ̃|), (17)

where 1A(·) is the indicator function.
Basically Lemmas 1 and 2 state that FM (x) is upper bounded

by c
Mx with some c.

We first consider the asymptotic case that M tends to infinity
with finite and fixed L regardless of M . The following theorem
provides the result in this case.

Theorem 2: [1] Under the UR-MP channel model with finite
and fixed L, an asymptotic lower bound on the per-user rate
Rκb

for fixed total transmit power Pt = 1 is given by

Rκb
= E

[
log

(
1 +

M−1|hH
κb
a(ϑb)|2

1 +M−1
∑

b′ �=b |hH
κb
a(ϑb′)|2

)]

� rLB,1 > 0, (18)

when K = Θ(M), where x � y indicates limM→∞ x
y ≥ 1, and

rLB,1 is a positive constant value.

Proof: See Appendix B. �
Theorem 2 states that under the UR-MP channel model with

a finite number L of multi-paths, linear sum rate scaling w.r.t.
the number of transmit antennas is achievable by the RDB
scheme when the number of users in the cell increases linearly
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w.r.t. the number of transmit antennas. This result is a general-
ization of the result under the UR-SP channel model provided
in [15]. Thus, linear sum rate scaling is achievable by the RDB
scheme with a linearly increasing number of users w.r.t. the
number of transmit antennas not only for the UR-SP channel
model but also for the UR-MP channel model if the number
of multi-paths is finite irrespective of the number of transmit
antennas.

Next we consider the case in which the number L of multi-
paths increases as M increases. In this case, we have the
following result.

Theorem 3: Under the UR-MP channel model, if the follow-
ing conditions are satisfied:

(C.1) L tends to infinity as M →∞,
(C.2) L/M ≤ 1,
(C.3) K = MecuL for some cu > 3,

then an asymptotic lower bound on the per-user rateRκb
for

fixed total transmit power Pt = 1 is given by

Rκb
� rLB,2 > 0, (19)

where rLB,2 is a positive constant value.

Proof: See Appendix D. �
Theorem 3 states that linear sum rate scaling by the RDB

scheme is achievable under the UR-MP channel model with
L→∞ and L/M ≤ 1 as M →∞ when K = MecuL for
cu > 3. Consider the condition of

K = MecuL, (20)

with cu > 3. Taking logarithm on both sides of (20), we have
a sufficient condition for the number of users in the cell for
RDB to achieve linear sum rate scaling w.r.t. the number M of
transmit antennas, given by

logK = logM + cuL. (21)

Consider now several functions for L satisfying the con-
dition that L→∞ and L/M ≤ 1 as M →∞. One of such
functions is L = logM . In this case, (21) becomes logK =
logM + cu logM = (1 + cu) logM and we have a sufficient
number of users for linear sum rate scaling expressed as

K = Θ(M1+cu). (22)

Thus, in this case the sufficient number of users in the cell
for RDB to achieve linear sum rate scaling w.r.t. M is polyno-
mial in M . Next we consider the fractional power function L =
Mβ with 0 ≤ β ≤ 1, which satisfies the condition that L→∞
and L/M ≤ 1 as M →∞. As seen in the previous section,
this model connects the UR-SP channel model and the i.i.d.
Rayleigh fading channel model by varying β. In this case, we
have logK = logM + cuM

β , i.e., logK = Θ(cuM
β), and

thus we have a sufficient number of users for linear sum rate
scaling expressed as

K = Θ(ec
′
uM

β

), 0 ≤ β ≤ 1. (23)

Thus, in this case the sufficient number of users in the cell
for RDB to achieve linear sum rate scaling w.r.t. M is sub-
exponential in M for β < 1. Note that at β = 1, K in (23) is

an exponential function of M . Finally, from Theorem 1, we
know that the UR-MP model with L = Mβ with β > 1 corre-
sponds to the i.i.d. Rayleigh fading channel model under which
an exponentially increasing number of users in the cell w.r.t.
the number of transmit antennas is required for RBF to achieve
linear sum rate scaling w.r.t. the number of transmit antennas
due to Sharif and Hassibi [9]. Indeed, the result of Sharif and
Hassibi coincides with our result (23) by setting β = 1. Table I
summarizes the above results.3

Remark 1: In the two extreme cases of the UR-SP channel
model and the i.i.d. Rayleigh fading channel model, the con-
ditions are also necessary conditions since K ≥M to schedule
M users for the UR-SP model and the necessity of Θ(logK) =
M for the i.i.d. Rayleigh fading channel was shown in [9].

IV. USER SELECTION IN THE SPARSE USER REGIME

A. Motivation

In the previous section, we have identified the sufficient num-
ber of users in the cell required for RDB to achieve linear sum
rate scaling w.r.t. the number of transmit antennas under the
UR-MP channel model. Contrary to the i.i.d. Rayleigh fading
channel case, linear sum rate scaling w.r.t. M by RDB can be
achieved with a much smaller number of users K in the cell
under sparse UR-MP channels such as fixed L, L = logM and
L = Mβ with β < 1 than that required for the i.i.d. Rayleigh
fading channel case. Thus, when the number of active users K
in the cell is sufficiently high (dense user regime) as specified in
the previous section, conventional RDB with S = M described
in Section III can be simply used. However, in the sparse user
regime, the number of active users K may not be sufficiently
large in order to achieve linear sum-rate scaling. Consider the
UR-SP channel case. In this case, a linearly increasing number
of users in the cell is required for RDB to achieve linear sum
rate scaling w.r.t. M , as shown in the previous section. When
M is in order of hundreds as in mmWave massive MIMO, the
number of active users that is linear in M may not be a small
number, especially in small cell networks. Thus, in this sparse
user regime, simple RDB with S = M may not be applied due
to the lack of users. Thus, in this section, we consider the sparse
user regime and propose several scheduling algorithms with a
limited amount of feedback.

B. Insights from the UR-SP Channel Case

In order to gain insights to devise new scheduling algo-
rithms in the sparse user regime, we first review the previous
result regarding the RDB performance under the UR-SP chan-
nel model provided in [15]. In [15], the fractional rate order

3In current cellular systems, cells are sectorized and thus the AoDs of
propagation paths are confined. In this case, we can model the AoDs of propa-
gation paths as uniformly distributed on [θmin, θmax], where −1 < θmin <
θmax < 1. In that case, we can also show that the same asymptotic lower
bound on the per-user rate Rκb of Theorem 3 can be obtained by modify-
ing the proof of Theorem 3 slightly. Therefore, Table I is still valid in the case

of θk,i
i.i.d.∼ Unif[θmin, θmax], even though the number of training beams

can be reduced from M to �M(θmax−θmin)
2

� [22]. However, the maximum
number of users supported at the same time-frequency resource is also reduced

from M to �M(θmax−θmin)
2

�.
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(FRO) γ was defined to compare the asymptotic performance
of several scheduling methods in the sparse user regime as a
function of number of users in the cell as

γ := lim
M→∞

logR
logM

. (24)

The FRO indicates how the sum rateR of a method behaves
as a fractional power function, i.e. R = Θ(Mγ) for γ 
= 0. For
γ > 0, R increases to infinity as M →∞, whereas for γ < 0,
R decreases to zero as M →∞.

In [15], a general number of users K = Mq with 0 ≤ q ≤ 1
is considered to include the linear user increase (q = 1) w.r.t.
M (the sufficient user regime) and the case of sparse users as
a fractional power function (q < 1). Among several schedul-
ing methods considered in [15], we consider here the following
two methods. The first method is a modified RDB scheme [15].
In the modified RDB scheme, when K = Mq with 0 < q ≤ 1,
S = M 
 (with � < q) asymptotically orthogonal beams equi-
spaced in the normalized angle domain [−1, 1] are used for
both training and data transmission. Thus, in this scheme, the
number of orthogonal beams for RDB is reduced according to
K although the number of transmit antennas is M . Since all
reduced S beams are used for data transmission in this scheme,
each user can compute the SINR for each beam based on its
channel during the training period under the fact that all other
S − 1 are also used for data transmission (this is an advantage
of this method), and feeds back the maximum SINR value and
the corresponding beam index as in the conventional RBF. The
FRO in this case is given as a function of q (determining the
number of users) by [15].

lim
M→∞

logRsum(S)

logM
= 2q − 1, for q ∈ (0, 1). (25)

In the second method, all M orthogonal beams in (13) avail-
able with M transmit antennas at the BS are used for training.
During the training period, each user computes the received
power for each training beam based on its channel and feeds
back the maximum received power value and the correspond-
ing beam index. Then, the BS chooses the user and beam index
pair that has the maximum received power out of all beams and
all users, and transmits data only to the selected user with the
selected beam. The FRO in that case is given by [15]

lim
M→∞

logRSU

logM
= 0, for q ∈ (0, 1) (26)

sinceRSU = log(1 + maxk,b |hH
k wb|) in this case.

Fig. 3 compares the FROs (25) and (26) versus q of the two
schemes. In the figure, the FRO with the perfect CSI at the
transmitter is also shown.4 Fig. 3 shows which strategy is bet-
ter for different q determining the number of users in the cell
relative to the number of antenna elements. Note that the first
method (the reduced beam-size conventional RDB) has larger
FRO than the second method for q ∈ ( 12 , 1), whereas the sec-
ond high-resolution training single-user selection method has

4In the perfect CSI case, the capacity of the network composed of a
BS with M transmit antennas and K = Mq single-antenna users scales as
min(M,Mq) log SNR. Hence, the FRO of the capacity is given by q for
0 ≤ q ≤ 1.

Fig. 3. Fractional rate order versus the number of users in the cell [15].

larger FRO than the first method for q ∈ (0, 1
2 ). The reason

why the first method yields worse performance than the second
method when q is small is that it does not have enough training
due to the requirement that all training beams become trans-
mission beams in the data transmission phase and SINR can be
computed at each receiver during the training phase. Note that
� < q in this case. On the other hand, the reason why the sec-
ond method yields worse performance when q is large is that it
only serves a single user even though the number of users in the
cell increases as q ↑ 1. Based on these two facts, one can rec-
ognize that if the training overhead can be ignored, to enhance
the system performance, all M orthogonal beams available with
the M transmit antennas at the BS should be used for train-
ing and the number of served users should increase properly
as q ↑ 1 although the number of served users is less than M .
In those cases, each user cannot compute SINR at the receiver
side because all M beams are not used for data transmission
and each receiver does not know which of the M beams will be
used for data transmission beforehand. Thus, in the sparse user
regime with full training, we should solve the joint problem
of selecting beams for data transmission among M full train-
ing beams and selecting users to be served among K active
users in the cell with limited amount of feedback. Thus, in the
next subsection we shall propose several scheduling methods
incorporating both beam and user selection for mmWave mas-
sive MIMO assuming sparse MIMO channels incorporating the
above hints, based on feedback of the received signal power
values from users.

C. Proposed Scheduling Methods With Beam Selection

In the methods below, targeting the sparse user regime, we
use all M orthogonal beams available with the M transmit
antennas at the BS for training and select beams for data trans-
mission and users to be served. In the proposed methods, the
numbers of served users and selected beams are adaptively
determined according to each channel realization.

1) Scheduling Based on a Single Beam for a Selected User:
The first method handles the case that a single beam is used
for each selected user. As aforementioned, since all M train-
ing beams are not used for data transmission, each user cannot
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Fig. 4. The received signal power table.

compute the exact SINR value for each beam during the training
period. However, each user can still compute the received sig-
nal power for each of the M beams during the training period.
Suppose that each user feeds back the M received signal power
values {|hkwb|2}Mb=1 for all M beams to the BS after the train-
ing period. Then, the BS can construct a table that contains the
received power value for each beam for each user. Once such
a table is constructed, we can apply a scheduling algorithm.
Suppose now that we serve only Ks(< M) users from the K
users in the cell with one beam wb for one selected user. The
optimal beam and user selection in this case can be obtained
by an exhaustive search with computing SINRs over all the
possible subsets of beams and users. However, such an opti-
mal scheme requires a huge amount of feedback and heavy
computational complexity. Thus, we here consider a practi-
cal selection method with a reduced amount of feedback and
reduced complexity.

First, in the proposed feedback method, each user computes
the received signal power for all M beams but feeds back
only the largest NFB received signal power values and the
corresponding indices to the BS. When the feedback from all
users is finished, the BS can construct the received power table
as shown in Fig. 4 with the feedback information by simply
padding zeros in the unreported boxes. Such a feedback scheme
is effective in sparse mmWave channels since there exists sig-
nal only in a few directions [2], [3]. Under the UR-MP channel
model, the channel vector hk is the sum of L uniform random
multi-paths with complex gains. Thus, signal power |hH

k wb|2
is large when the angle of the training beam wb and one of the
L paths are roughly aligned.

Second, when the received signal power table like one in
Fig. 4 is constructed, one can apply a suboptimal greedy
sequential scheduling algorithm to select Ks users, as in [23].
The basic concept of such sequential greedy selection algo-
rithms [23] is that the BS first selects a user-and-beam pair
(k1, b1) that has the maximum signal power |hH

k1
wb1 |2 over all

beams and users in the table, and then under the condition that
the beam b1 is allocated for the user k1, selects another user-
and-beam pair (k2, b2) that has the maximum sum rate over all
beams and users except the selected user and beam at the first
step. This sequential procedure is iterated until the number of
allocated beams reaches Ks. (For detail, see the algorithm in
Table II in [23].)

2) Scheduling Based On Beam Aggregation: In the previ-
ous subsection, we considered the case that only one beam is

used to serve a selected user. However, when there exist multi-
ple propagation paths at different angles from the BS to a user
as in the UR-MP channel model, such a scheme is not optimal,
and we should use those multiple paths for data transmission.
Thus, in this subsection, we propose several feedback and beam
and user selection schemes that use multiple beams for one
selected user for data transmission based on beam aggregation.
In the proposed scheduling methods, we find multiple beam
directions that are matched to the angles of the L multiple
paths for each user by using the M training beams, sched-
ule users that have roughly orthogonal channel vectors and a
large sum rate, and then transmit data streams to the sched-
uled users. In the data transmission stage, we use an aggregated
beam combining the matched multiple beams to each scheduled
user to transmit data to the user. In the case of sparse chan-
nels as in the mmWave band, the feedback amount required for
the proposed methods is not heavy and the proposed methods
can effectively implement MRT beamforming or EGC transmit
beamforming.

2-1) MRT-Based Scheduling: The detail of the proposed
scheduling method aiming at MRT is described in Algorithm 1.
In Algorithm 1, at each iteration, the BS chooses a user that
has the maximum combined power value in the MRT sense
among the users in the set K that is updated in each itera-
tion to choose a user whose channel is roughly orthogonal to
those of the previously selected users, and constructs an MRT
beam for the chosen user based on the feedback information
of the NFB dominant training beams’ received signal magni-
tudes and phases. Rough orthogonality (and thus interference)
among the selected users is controlled by updating the set K
of candidate users. As (32), the set K is updated as the set of
users whose dominant beams do not overlap with the already
scheduled user’s dominant beams by more than NOL beams.
Thus, by controlling NOL we can manage interference among
the selected users. Note that in Step 5) in Algorithm 1, by
setting Ks,max = min(K,M) we can run the algorithm until
we find maximally possible users for scheduling. In this case,
the number of scheduled users is not predetermined but deter-
mined adaptively according to channel realization. The amount
of feedback required for the MRT-based scheduling algorithm
is 2NFB real numbers and NFB integers.

2-2) EGC-Based Scheduling: To reduce the amount of
feedback, we also consider a scheduling method based on EGC.
We obtain an EGC-based scheduling algorithm by slightly
modifying Algorithm 1. In the EGC-based scheme, each user
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k feeds back the sum of the magnitude of the NFB dom-
inant training beams (i.e.,

∑
b∈Bk

|hH
k wb|), the NFB phase

values {∠(hH
k wb), b ∈ Bk}, and the corresponding NFB beam

indices to the BS. Then, the procedure of EGC-based schedul-
ing is the same as that of MRT-based scheduling except the fact
that (30) and (31) are replaced by

κj = argmax
k∈K

∑
b∈Bk

|hH
k wb| (27)

w̄j =
∑

b∈Bκj

e
−ι∠(hH

κj
wb)wb. (28)

Note that the amount of feedback required by this strategy is
NFB + 1 real numbers and NFB integers.

3) Beam Design Beyond MRT and EGC: One way to avoid
causing inter-user interference among the scheduled users in
the beam and user selection methods in Subsection IV-C2 is to
set NOL = 0, if all beam indices with non zero inner product
with each user’s channel are reported from each user. However,
setting NOL = 0 reduces the number of users to be served
simultaneously by the BS. To increase the number of simul-
taneously served users, we can set NOL ≥ 1 to allow a certain
amount of channel overlap. In the case of NOL ≥ 1, we can
eliminate this inter-user interference by designing zero-forcing
(ZF) or minimum-mean-square-error (MMSE) beams instead
of the MRT beams. In this case, after user scheduling is done
based on Algorithm 1, the BS designs ZF or MMSE beams for
the selected users instead of MRT beams. Here, an approxi-
mate ZF or MMSE beam can be designed using the CSI of the
dominant beam indices with padding zeros in the unreported
user-beam boxes (blocks). Hence, the MMSE beam design
based on zero padding requires the same amount of feedback
as the MRT beam design.

Furthermore, we can improve the performance of the ZF
or MMSE beam design by applying two-phase feedback
(TPF) [10], [12], [24]–[26]. In a two-phase feedback scheme,
the BS selects users with partial CSI in the first phase and
designs a refined beamformer based on the full CSI feedback
from the selected users in the second phase. Here, we pro-
pose a beam design and scheduling method based on this TPF
method as follows. In the first phase, each user k feeds back
the NFB dominant beam indices Bk and the one real value∑

b∈Bk
|hH

k wb|2 to the BS. Then, the BS chooses users {κi}Ji=1

to be served and the corresponding beam indices {Bκi
}Ji=1

by Algorithm 1 without designing the MRT beam in (31).
The value of J will be determined when Algorithm 1 is fin-
ished. After user selection, the BS additionally receives the
information of magnitudes {|hH

k wb|} and phases {∠(hH
k wb)}

corresponding to the beam indices in the set

B� := ∪Ji=1Bκi
(34)

from each selected user in the second phase. Then, the BS
knows the full CSI Heff = WH

selHsel within the subspace
spanned by the beams {wb}b∈B� that will be used for data
transmission to the selected users, where the M × |B�| matrix
Wsel = [wb]b∈B� , the M × J matrix Hsel = [hκ1

, · · · ,hκJ
],

and the M × 1 vector hκj
is the actual channel from the BS

Algorithm 1. Proposed Beam Aggregation Method: Maximum
Ratio Transmission

1) The BS initializes

K1 = {1, 2, · · · ,K},B = {1, 2, · · · ,M}, (29)

and j = 1.
2) Each user k computes NFB dominant training beam sig-

nal powers {|hH
k wb|2} among the M training beams, and

feeds back the magnitudes {|hH
k wb|, b ∈ Bk} and phases

{∠(hH
k wb), b ∈ Bk} of the NFB dominant training beams

and the corresponding beam indices to the BS. Bk denotes
the set of the NFB dominant beam indices.

3) The BS computes

κj = argmax
k∈Kj

∑
b∈Bk

|hH
k wb|2 (30)

w̄κj
=

ŵκj

‖ŵκj
‖ , (31)

where ŵκj
=

∑
b∈Bκj

(hH
κj
wb)

∗wb, and updates Kj =

Kj\{κj} and B = B\Bκj
.

4) To impose rough orthogonality among the selected users,
the BS further updates the set K of candidate users as

Kj+1 =
{
k ∈ Kj : |Bκj

∩ Bk| ≤ NOL

}
(32)

where NOL is the number of allowed beam overlaps
between the sets of dominant beams.

5) If j < Ks,max,Kj+1 
= ∅, andB 
= ∅, update j ← j + 1 and
go to step 3). Otherwise, the algorithm is finished and the
set of selected users and corresponding rough MRT beams
is given by

(κ1, w̄κ1
), · · · , (κj , w̄κj

). (33)

antenna array to user κj . Thus, it is possible for the BS to imple-
ment exact MMSE beamforming (or ZF beamforming) for the
selected users, given by

V = ξ ·Heff

(
HH

effHeff +
J

Pt
I

)−1

(35)

where ξ is the power scaling factor to satisfy the power con-
straint. The BS finally transmits data streams to the scheduled
users {κi} with the MMSE beams {w̄κi

} determined as

[w̄κ1
, · · · , w̄κJ

] = WselV. (36)

The amount of feedback required for this method is 2|B�|+
1 real numbers and NFB integers for each scheduled user. Note
that NFB < |B�| ≈ JNFB �M for small J in the sparse user
regime so this method can be applied with a moderate amount
of feedback for each user. Note that this TPF-based ZF or
MMSE scheme requires more feedback than the ZF or MMSE
beam design based on zero padding for the unreported elements
in Heff but yields more accurate beams to eliminate the inter-
user interference. If this TPF scheme is used, the number NFB
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of dominant beams for feedback can be reduced while the inter-
user interference during the data transmission period is still
completely removed.

V. EXTENSION

A. Fairness-Aware Scheduling

If the channel statistics are the same across all users and the
channel realizations are i.i.d. across scheduling intervals, pro-
viding fairness among users is not an issue [11]. However, in
networks where users experience different large-scale fading
due to different user locations from the base station, fairness
among users has to be considered. One method to imple-
ment fairness with obtaining MU diversity gain is to apply the
proportional-fair (PF) scheduling policy [27], which was orig-
inally proposed for single-user selection with a single beam at
the same time-frequency resource. In the PF algorithm, the BS
keeps tracking of the average previously service rate μk(t) for
every user k at each scheduling interval t and selects the user
that has the maximum ratio of the currently supportable rate to
the average served rate, i.e.,

k� = argmax
k

Rk(t)

μk(t)
, (37)

where Rk(t) is the currently supportable rate of user k at
scheduling interval t. Here, the average supported rate is
updated by a simple first-order autoregressive (AR) filter as

μk(t+ 1) = (1− δ)μk(t) + δRk(t)I{k∈S(t)}, (38)

where IA is the indicator function of event A, δ ∈ (0, 1) is the
parameter of the first-order AR filter, and S(t) is the set of
scheduled users at scheduling interval t. However, in the case
of multi-user selection with multiple beams as in the proposed
scheduling methods or RBF, the PF scheduling policy cannot be
applied directly since the rate of a scheduled user is dependent
on the channel vectors of the other scheduled users at the same
time, and the instantaneous supportable rate for each scheduled
user can be computed after all scheduled users and the corre-
sponding beams are determined. Therefore, all combinations
with respect to beams and users should be considered for max-
imizing the rate in the sense of the PF scheduling policy, and
the best pairs of beams and users can be chosen by exhaustive
search. However, this difficulty can be overcome by exploiting
the property of our scheduling methods that the channel vectors
of the scheduled users are almost orthogonal to each other. This
property is imposed by the step (32) in Algorithm 1. Then, the
instantaneous supportable rates for the selected users required
for PF metric computation can be approximated based on this
semi-orthogonality by neglecting the interference from other
scheduled users as in [10], [11]. That is, the instantaneous sup-
portable rate of user k at scheduling interval t is approximated
based only on its channel by

R̂k(t) = log

(
1 +

Pt

|S(t− 1)| |hk(t)
Hw̄k(t)|2

)
, (39)

= log

⎛
⎝1 +

Pt

|S(t− 1)|
√∑

b∈Bk

|hH
k wb|2

⎞
⎠ , (40)

where hk(t) is the channel vector of user k, w̄k(t) =
ŵk

‖ŵk‖ is
the corresponding beamforming vector at time t, and ŵk =∑

b∈Bk
(hk(t)

Hwb)
∗wb. Here, the key point in (40) is that

R̂k(t) is computed based only on the feedback information
|hH

k wb|2, b ∈ Bk without considering other scheduled users’
channel vectors by exploiting the semi-orthogonality among the
scheduled users’ channel vectors guaranteed by the step (32).
Finally, the proposed scheduling method based on beam aggre-
gation incorporating the PF principle is given by modifying
Algorithm 1 as follows:

1) At scheduling interval t, perform Algorithm 1 with
replacing (30) by

κj = argmax
k∈Kj

R̂k(t)

μk(t)
, (41)

where R̂k(t) is given by (40).
2) Update μk(t+ 1) by (38).

B. Application of the Proposed Scheduling Methods to Hybrid
Beamforming

Real-world implementation of massive mmWave MIMO sys-
tems requires complex and costly RF/Analog circuit design. A
practical solution to overcome the burden of heavy RF/Analog
circuitry for building massive mmWave MIMO systems is
hybrid analog/digital beamforming, in which the number of
analog-to-digital (AD) converters is far less than that of anten-
nas, and analog beamforming is performed between the AD
converters and the antennas by using RF amplifiers and phase
shifters [6], [8], [19], [28]–[30]. One of the main issues in the
hybrid beamforming scheme is to estimate the CSI of large-
array antennas between the BS and each user with a small
number of training beams. One candidate for this is to predeter-
mine a set of analog beams with a reduced size (i.e., less than or
equal to M ) at the BS and training symbols are transmitted by
using the set of predetermined analog beams (e.g., one training
symbol for each beam in the analog beam set); the training sig-
nal itself is beamformed by each of the predetermined analog
beams [30]. In this case, each user can only feed back certain
information about the effective beamformed channel, but not
about the real channel between the user and the BS antenna
array. Then, the BS should select analog beams to be used as
well as users to be served based on the feedback information.
Note that this situation is exactly the same as that considered
in Section IV-C and the proposed methods in Section IV-C can
be applied to the joint beam and user selection problem in the
hybrid beamforming scheme (the analog and digital beamform-
ers become Wsel and V in (36), respectively.). For example, by
using Algorithm 1 we can obtain the set {wb}b∈B� (i.e., Wsel)
of analog beams to be used and the set {κi}Ji=1 of users to be
served, and design the MMSE digital beamformer V given in
(35) based on zero padding on the unreported elements in Heff

or the additional feedback in the TPF case.

VI. NUMERICAL RESULTS

In this section, we provide some numerical results to vali-
date our asymptotic analysis in Section III and to evaluate the
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Fig. 5. Average sum rate of the RDB scheme versus L for different K (M =

100 and Pt = 1).

performance of the proposed scheduling methods in Section IV.
All the values in the below are values averaged over 200
channel realizations.

First, we investigated the impact of channel sparsity on
the RDB performance. We considered a mmWave MU-MISO
downlink system with the UR-MP channel model with different
L. Fig. 5 shows the average sum rate of the RDB scheme ver-
sus L for K = 100, 200, 400, 1000 when M = 100 and Pt = 1.
Note that the last value in the x-axis of the figure is L =∞,
i.e., it corresponds to the i.i.d. Rayleigh fading channel. It is
seen that the average sum rate of the RDB scheme drastically
decreases as the number L of multi-paths increases. This results
from the difference in the required sufficient number of users
depending on L. As L increases, the sufficient user regime
requires more users in the cell, predicted by the analysis in
Section III. Hence, if we fix K, the RDB performance degrades
as L increases. Note that the performance gap between the two
extreme cases L = 1 and L =∞ is large.

We then evaluated the average per-user rate of
the RDB scheme versus L for different (M,K) =
(100, 100), (200, 200), and (300, 300). Fig. 6 shows how
the per-user rate changes as M = K increases for different L.
It is seen in Fig. 6 that at L = 1 (i.e., under the UR-SP channel
model) the per-user rates for M = K = 100, M = K = 200,
and M = K = 300 are almost the same. This means that the
sum rate scales linearly with respect to M with K = M . This
result coincides with the result in [15]. and Theorem 2. On the
other hand, at L→∞ (under the i.i.d. Rayleigh fading channel
model) the per-user rates for M = K = 100, M = K = 200,
and M = K = 300 are not the same. The per-user rate for
M = K = 300 is almost half of that for M = K = 100.
This means that the sum rate did not scale linearly w.r.t. M
with K = M , as expected from (1). We need an exponential
increase in K as a function of M for linear sum rate scaling
w.r.t. M . It is seen that the per-user curves for M = K = 100,
M = K = 200, and M = K = 300 deviate from L = 10 in
this setting.

Fig. 6. Average per-user rate of the RDB scheme versus L for different M
(K = M for each M and Pt = 1).

Next, we considered the sparse user regime K ≤M and
evaluated the performance of the proposed beam selection and
scheduling methods (MRT, EGC, MMSE with zero padding
and TPF-MMSE), and the greedy single beam selection method
in [23]. Since the MRT-based scheduling method receives the
NFB magnitude values and NFB phase values of the NFB

dominant paths, the greedy single beam selection method used
2NFB dominant received signal power values for fair compar-
ison with the MRT-based method in terms of feedback. As a
reference, we included the performance of conventional RDB
in this sparse user regime. In the case of RDB, M orthogo-
nal training beams were used, and each receiver computed the
SINR for each beam under the false assumption that all M
training beams would be used for data transmission and fed
back its maximum SINR and corresponding beam index. Then,
the BS chose a user with maximum SINR for each reported
beam index. With consideration of beam index overlap, this
method used at most K beams and supported at most K users.
Note that K ≤M in the considered sparse user regime. As
a benchmark for optimal beamforming, we included the per-
formance of optimal MMSE beamforming based on perfect
CSI knowledge of all users at the BS, which requires feed-
back of 2MK(� 2NFBK) real numbers.5 For the proposed
methods based on Algorithm 1 and the greedy single beam
selection method, we set Ks,max = min(M,K) so as to find
maximally possible users for scheduling. Fig. 7(a) shows the
average sum rate of the considered scheduling algorithms ver-
sus K when M = 100, L = 5, Pt = 1, NFB = 4 and NOL =
1. It is seen that the proposed methods based on beam aggre-
gation are superior to the other two previous methods (RDB
and the greedy single-beam selection in [23]). Since L = 5,
K ≤ 100 is not sufficient for the system to be operated in
the sufficient user regime (see Table I and thus the perfor-
mance of RDB is not good in this sparse user regime. It is
also seen that MMSE beamforming based on zero padding

5Since K ≤ M , we can construct an MMSE beamformer from the BS
antenna array to all K users in the MISO case when all M × 1 channel vectors
from the BS to all K users are known.
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Fig. 7. (a) Average sum rate versus K w.r.t. the different scheduling algorithms and (b) the average number |B∗| of total selected beams and the average number
of scheduled users in the TPF-based scheduling method: M = 100, L = 5, Pt = 1, NFB = 4, and NOL = 1.

Fig. 8. Average sum rate versus Pt: (a) M = 100, K = 30, L = 2, NFB = 2, NOL = 0, and |B∗| = 38 and (b) M = 100, K = 20, L = 10, NFB = 4,
NOL = 1, and |B∗| = 54.

with user-and-beam selection by Algorithm 1 outperforms the
MRT-based method since it mitigates the inter-user interfer-
ence. Furthermore, the TPF-based MMSE with user and beam
selection by Algorithm 1 almost achieves the performance
achieved by the optimal MMSE beamforming based on full CSI
of all users at the BS. It is seen in Fig. 7(b) that a moderate
amount of feedback is required for the TPF-based schedul-
ing method, i.e., 2NFB(= 8) < 2|B�|+ 1� 2M(= 200) for
small K compared to M .

Figs. 8(a) and (b) show the average sum rate of
the proposed scheduling algorithms versus Pt in the
cases of (M,K,L,NFB , NOL) = (100, 30, 2, 2, 0) and
(M,K,L,NFB , NOL) = (100, 20, 10, 4, 1), respectively. The
average numbers |B�| of total selected beams for the two
setups in the TPF-based method were 38 and 54, respectively.
It is worth comparing the performance of the three schemes
based on Algorithm 1: MRT, MMSE with zero padding

and TPF-MMSE, shown in Fig. 8(a). When the number of
multipaths is very small (L = 2 here), major path gains are
reported (NFB = L)6, and NOL is set to zero, inter-user
interference is already controlled by Algorithm 1 and the
MRT-based beamformer yields better performance than the
MMSE beamformer with zero padding since Algorithm 1
intends to select users in an MRT optimal sense. On the other
hand, when unreported inter-user channel elements are fed back
and an MMSE beamformer based on full effective CSI is used,
this TPF-MMSE performs better than the MRT-based method.
As L becomes large from 2 to 10, the situation changes as
shown in Fig. 8(b). The greedy single-beam selection algorithm
yields poor performance compared to the scheduling methods
based on beam aggregation since it does not exploit the

6Since each user’s channel may not be on the boresight of a training beam,
the number of beams with non-zero inner product with the user’s channel may
be larger than L.
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multi-path combining gain. Also, under Algorithm 1, even the
MMSE beamforming with zero padding outperforms the MRT
beamforming especially when the transmit power is high. The
MMSE beamforming has an advantage in terms of inter-user
interference mitigation even though it is designed based on
imperfect CSI with padding zeros in unreported boxes. In
Fig. 8(b), it can be seen that the rate performance of the three
methods, namely MRT, EGC, and MMSE with zero padding,
is interference-limited as the total transmit power increases.
However, the TPF-MMSE method expectedly overcomes
the interference-limited performance. Note that the proposed
MRT-based and TPF-based scheduling methods achieve 85%
and 88% in Fig. 8 (a) and 66% and 86% in Figs. 8 (b) of the
optimal MMSE performance at Pt = 1, respectively, whereas
the RDB method achieves barely 69% and 35% of the optimal
MMSE performance, respectively. The amount of feedback per
user of 4 and 8 real numbers for the proposed MRT method for
Fig. 8 (a) and (b), respectively, is significantly smaller than that
(200 real numbers) of the optimal MMSE scheme and slightly
larger than that (1 real number) of RDB. In the case of the
TPF-based method, the amount of feedback is 77 and 109 real
numbers for Fig. 8 (a) and (b), respectively. Thus, the proposed
scheduling methods based on beam aggregation perform very
well in sparse mmWave channels with a reasonable amount of
feedback.

VII. CONCLUSION

In this paper, the performance of RBF in mmWave MU-
MISO downlink systems under the newly proposed UR-MP
channel model was studied. We have derived the number of
active users in the cell that is required for RBF to yield lin-
ear sum rate scaling w.r.t. the number of transmit antennas
under the UR-MP channel model for different levels of chan-
nel sparsity. We have shown that in sparse mmWave channels
the necessary number of users in the cell for RBF to yield linear
sum rate scaling w.r.t. the number of transmit antennas is sig-
nificantly less than that required in rich scattering channels. We
have then considered the problem of user scheduling for MU-
MISO downlink when the number of users in the cell is not
sufficiently large (sparse user regime) for the system to oper-
ate in the linear sum-rate scaling regime. By exploiting the
sparsity of mmWave radio channels, we have proposed sev-
eral user scheduling algorithms with a reasonable amount of
feedback for the considered sparse user regime. Furthermore,
we have proposed a fairness-aware scheduling algorithm based
on the PF principle requiring a reasonable amount of feed-
back. Numerical results showed that the proposed user selection
algorithms provide very good sum-rate performance in sparse
mmWave channels.

APPENDIX A

We first explain why we consider hk|(θk,1, · · · , θk,L) instead
of hk for the rank property of the channel. Under the UR-
MP model, the channel vector for user k is given by hk =√

M
L

∑L
i=1 αk,ia(θk,i), where the path gain and the path

(or ray) angle are given by αk,i
i.i.d.∼ CN (0, 1) and θk,i

i.i.d.∼

Unif[−1, 1], respectively. Note that the unconditional channel
covariance matrix is given by

E[hkh
H
k ] = E

⎡
⎣M

L

L∑
i=1

αk,ia(θk,i)
L∑

j=1

α∗
k,ja

H(θk,j)

⎤
⎦

(a)
=

M

L

L∑
i=1

E
[
a(θk,i)a

H(θk,i)
]

=
1

L

L∑
i=1

E

[
[e−ιθk,i(m−n)]m,n

]
(b)
=

1

L

L∑
i=1

I = I,

where [e−ιθk,i(m−n)]m,n denotes the matrix composed of
e−ιθk,i(m−n) as its (m,n)-th element. Here, step (a) is valid
since αk,i and θk,i are independent and E[αk,iα

∗
k,j ] = 0

for i 
= j, and (b) holds since E[e−ιπ(m−n)θk,i ] =
1
2

∫ 1

−1
e−ιπ(m−n)θk,idθk,i =

sinπ(m−n)
π(m−n) = 0 for any inte-

gers m 
= n [5]. The reason why the unconditional channel
covariance matrix has full rank is as follows. The probability
that each ray comes from a certain direction is uniform over the
angle domain. So, if we take the expectation over the ray angle,
then the unconditional channel covariance matrix becomes
of full rank since there is an equal probability for each ray
direction. However, the actually realized channel for user k
only has L paths (or rays) and the channel covariance matrix
should have rank L. Hence, we consider hk|(θk,1, · · · , θk,L)
for the actual rank property of the UR-MP channel model.

Proof of Theorem 1: From hk =
√

M
L

∑L
i=1 αk,ia(θk,i)

and (7), the m-th component of hk is given by

hk,m =
1√
L

L∑
i=1

αk,ie
−ιπθk,i(m−1). (42)

Since αk,i ∼ CN (0, 1), for any realized value of θk,i, the
product of αk,i and e−ιπθk,i(m−1) follows CN (0, 1) due to
the phase invariance property of the circularly-symmetric com-
plex Gaussian distribution. Thus, hk,m|(θk,1, · · · , θk,L) has
Gaussian distribution since it is the normalized sum of L inde-
pendent Gaussian random variables {αk,ie

ιπθk,i(m−1)}Li=1. We
have E[hk,m|(θk,1, · · · , θk,L)] = 0 and the conditional covari-
ance matrix Rh(θk,1, · · · , θk,L) as

Rh(θk,1, · · · , θk,L) = E[hkh
H
k |(θk,1, · · · , θk,L)]

=
M

L

L∑
i=1

a(θk,i)a
H(θk,i),

and the (m,n)-th element of Rh(θk,1, · · · , θk,L) is given by

E[hk,mh∗
k,n|{θk,i}] =

1

L

L∑
i=1

e−ιπθk,i(m−n)

︸ ︷︷ ︸
=:Xm−n

, for m 
= n.

(43)

(Note that the rank of Rh(θk,1, · · · , θk,L) is L at most.)
Hence, we have

hk|(θk,1, · · · , θk,L) ∼ CN (0,Rh(θk,1, · · · , θk,L))
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Next, we show that Rh(θk,1, · · · , θk,L)→ I in probability
as M →∞, if β > 1. For this, we need to show for any ε > 0

Pr{|X−M+1|≤ε, · · · , |X−1|≤ε, |X1|≤ε, · · · , |XM−1|≤ε}
= Pr{|X1| ≤ ε, |X2| ≤ ε, · · · , |XM−1| ≤ ε} → 1 (44)

as M →∞, where Xm({θk,i}) = 1
L

∑L
i=1 e

−ιπθk,im. Note
that the random variables {Xm} are identically distributed with
mean 0 and variance 1

L but dependent on one another. Using the
union bound and Chebyshev’s inequality, we have

Pr{|X1| ≤ ε, |X2| ≤ ε, · · · , |XM−1| ≤ ε}

= 1− Pr

{
M−1⋃
i=1

{|Xi| > ε}
}

≥ 1−
M−1∑
i=1

Pr{|Xi| > ε}

≥ 1− (M − 1)

Lε2
. (45)

Since L = Mβ in the considered case, for β > 1 the proba-
bility (45) goes to one as M →∞. Hence, Rh(θk,1, · · · , θk,L)
converges to I element-wise uniformly in probability as M →
∞, if β > 1. On the other hand, when β < 1, L = Mβ <
M and hence Rh(βk,1, · · · , βk,L) is rank-deficient. This con-
cludes the proof. �

APPENDIX B

Proof of Theorem 2: Consider finite L ≥ 1. Let A be the
event that there exists a user k′ such that θk′,1 ∈ [ϑb − 1

M , ϑb +
1
M ), |αk′,1| ≥ L, and |αk′,i| ≤ 1, θk′,i /∈ [ϑb − 1

M , ϑb +
1
M )

for i = 2, · · · , L. Note that we have under the UR-MP model
for any k, i

Pr

{
θk,i ∈

[
ϑb − 1

M
,ϑb +

1

M

)}
=

1

M
(46)

Pr{|αk,i| ≥ L} = e−L2

. (47)

Based on (46) and (47), the asymptotic probability of the
event A is given by

Pr{A} = 1− Pr{Ac}

= 1−
(
1− 1

M
e−L2

(
(1− e−1)(1− 1

M
)

)L−1
)K

= 1−
(
1− 1

M

(M − 1)L−1

ML−1
e−L2

(1− e−1)L−1

)c′M

→ e−c′e−L2
(1−e−1)L−1

> 0, (48)

as M →∞ with K = Θ(M), where K is replaced with
c′M with some c′ ≥ 1 for K = Θ(M). From the fact
that E[f(X)] ≥ p(A′)E[f(X|A′)] for a non-negative function
f(X),Rκb

is lower bounded by

Rκb
≥ Pr{A}E

[
log

(
1 +

1
M |hH

κb
a(ϑb)|2

1 + 1
M

∑
b′ �=b |hH

κb
a(ϑb′)|2

)∣∣∣∣∣A
]
.

(49)

Furthermore, the second term in the right-hand side (RHS) of
(49) is bounded as

E

[
log

(
1 +

1
M |hH

κb
a(ϑb)|2

1 + 1
M

∑
b′ �=b |hH

κb
a(ϑb′)|2

)∣∣∣∣∣A
]

(a)

≥ E

⎡
⎢⎢⎢⎢⎣log

⎛
⎜⎜⎜⎜⎝1+

1
L |

∑L
i=1 α

∗
k′,ia(θk′,i)

Ha(ϑb)|2

1 + 1
L

∑
b′ �=b

∣∣∣∣ L∑
i=1

α∗
k′,ia(θk′,i)Ha(ϑb′)

∣∣∣∣2
⎞
⎟⎟⎟⎟⎠

∣∣∣∣∣∣∣∣∣∣
A

⎤
⎥⎥⎥⎥⎦

(b)

≥ E

[
log

(
1 +

1
L (|αk′,1| − (L− 1))2 4

π2

1 + 1
L (|αk′,1|2 + (L− 1))Lπ2

3

)∣∣∣∣∣A
]

(c)

≥ log

(
1 +

4
Lπ2

1 + (L2+L−1)π2

3

)
> 0, (50)

where (a) holds because the rate of user k′ for beam ϑb is not
larger than that of the optimal user κb for beam b; (b) holds by
the two facts∣∣∣∣∣

L∑
i=1

αk′,ia(θk′,i)
Ha(ϑb)

∣∣∣∣∣
2

≥ (|αk′,1| − (L− 1))2
4

π2
(51)

and

∑
b′ �=b

∣∣∣∣∣
L∑

i=1

αk′,ia(θk′,i)
Ha(ϑb′)

∣∣∣∣∣
2

≤ (|αk′,1|2 + (L− 1))
Lπ2

3

(52)

(See Appendix C for (51) and (52).); and (c) follows from the
fact that the SINR term is minimized when |αk′,1| = L since
|αk′,1| ≥ L under the event A. By (48), (49) and (50), Rκb

is
asymptotically lower bounded as

Rκb
≥rLB,1 = e−c′e−L2

(1−e−1)L−1

log

(
1+

4
Lπ2

1 + (L2+L−1)π2

3

)
.

This concludes the proof.

APPENDIX C

Proof of eq. (51): We have∣∣∣∣∣
L∑

i=1

αk′,ia(θk′,i)
Ha(ϑb)

∣∣∣∣∣
=

∣∣∣∣∣∣αk′,1a(θk′,1)
Ha(ϑb) +

∑
i�=1

αk′,ia(θk′,i)
Ha(ϑb)

∣∣∣∣∣∣
≥ ∣∣αk′,1a(θk′,1)

Ha(ϑb)
∣∣−

∣∣∣∣∣∣
∑
i�=1

αk′,ia(θk′,i)
Ha(ϑb)

∣∣∣∣∣∣
≥ |αk′,1||a(θk′,1)

Ha(ϑb)| −
∑
i�=1

|αk′,i|
∣∣a(θk′,i)

Ha(ϑb)
∣∣

(a)

≥ (|αk′,1|−(L−1)) |a(θk′,1)
Ha(ϑb)|

(b)

≥ (|αk′,1|−(L−1)) 2
π
,
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where step (a) is valid because |a(θk′,i)
Ha(ϑb)| ≤

|a(θk′,1)
Ha(ϑb)| due to |θk′,1 − ϑb| ≤ 1

M < |θk′,i − ϑb|,
i 
= 1 under the event A (See Fig. 2.), and step (b) follows
from the fact that |a(θk′,1)

Ha(ϑb)| ≥ FM ( 1
M )→ 2

π for
|θk′,1 − ϑb| ≤ 1

M (See Fig. 2.). Note that |αk′,1| ≥ L under the
event A. This concludes the proof.

Proof of eq. (52): We have

∑
b′ �=b

∣∣∣∣∣
L∑

i=1

αk′,ia(θk′,i)
Ha(ϑb′)

∣∣∣∣∣
2

≤
M∑

b′=1

∣∣∣∣∣
L∑

i=1

αk′,ia(θk′,i)
Ha(ϑb′)

∣∣∣∣∣
2

≤
M∑

b′=1

(
L∑

i=1

|αk′,i| ·
∣∣a(θk′,i)

Ha(ϑb′)
∣∣)2

(a)

≤
M∑

b′=1

L

L∑
i=1

(|αk′,i| ·
∣∣a(θk′,i)

Ha(ϑb′)
∣∣)2

(b)

≤ L

L∑
i=1

|αk′,i|2
M∑

b′=1

∣∣a(θk′,i)
Ha(ϑb′)

∣∣2
(c)

≤ L

(
L∑

i=1

|αk′,i|2
)

π2

3

(d)

≤ (|αk′,1|2 + (L− 1)
) Lπ2

3

where (a) follows from Jensen’s inequality for the convex
function f(x) = x2; (b) holds by interchanging the order of
summation; (c) follows from the inequality (53); and (d) holds
because |αk′,i| ≤ 1 for i 
= 1 under the event A. For step (c),
we have

M∑
b′=1

|a(θk′,i)
Ha(ϑb′)|2 ≤ 2

M/2∑
j=1

1

j2
≤ 2

∞∑
j=1

1

j2
≤ π2

3
, (53)

where the first inequality holds due to Lemma 2 (see the step-
wise bounding function for |a(θk′,i)

Ha(ϑb′)| in Fig. 2).

APPENDIX D

Proof of Theorem 3: Let Ā be the event that there exists a
user k̄ such that |θk̄,1 − ϑb| ∈ [0, 1

M ] and |αk̄,1| ∈ [
√
L,
√
2L],

and |θk̄,i − ϑb| ∈ [ 12 , 1] and |αk̄,i| ≤ 1 for i = 2, 3, · · · , L.

Then, based on θk,i
i.i.d.∼ Unif[−1, 1] and αk,i

i.i.d.∼ CN (0, 1),
the asymptotic probability of the event Ā is given by

Pr{Ā} = 1− Pr{Āc}

= 1−
(
1−

(
e−L − e−2L

M

)(
1− e−1

2

)L−1
)K

(a)
> 1−

(
1− 1

Me3L

)K

= 1− eK log(1− 1

Me3L
)

(b)
= 1− e−

MecuL

Me3L
+O(MecuL

M2e6L
)

= 1− e−
MecuL

Me3L
(1+o(1)) (c)→ 1 as M →∞, (54)

where (a) is by direction comparison and (b) follows from
log(1− x) = −x+O(x2) and replacing K with MecuL by
Condition (C.3), and (c) holds by Condition (C.1) and cu > 3
in Condition (C.3).

By applying the same technique used in (49), it is left only to
show

E

[
log

(
1 +

X

1 + Y

)∣∣∣∣ Ā
]

→ 0 as M →∞, (55)

where X = 1
L |

∑L
i=1 α

∗̄
k,i

a(θk̄,i)
Ha(ϑb)|2 and Y =

1
L

∑
b′ �=b |

∑L
i=1 α

∗̄
k,i

a(θk̄,i)
Ha(ϑb′)|2. To obtain a non-

trivial lower bound on the rate in (55), we first handle the
term X and the term Y next. Under the event Ā, we have
|θk̄,1 − ϑb| ∈ [0, 1

M ], |αk̄,1| ∈ [
√
L,
√
2L], and thus

|α∗̄
k,1a(θk̄,1)

Ha(ϑb)| � 2

π
|αk̄,1| ≥

2

π

√
L (56)

by |a(θk̄,1)Ha(ϑb)| ≥ FM (| 1M |)→ 2
π , since FM (θ̃) is a mono-

tone decreasing function from θ̃ ∈ [0, 2/M ] [5], [15]. (See
Fig. 2.) Also, we have under the event Ā∣∣∣∣∣

L∑
i=2

α∗̄
k,ia(θk̄,i)

Ha(ϑb)

∣∣∣∣∣ ≤
L∑

i=2

|α∗̄
k,ia(θk̄,i)

Ha(ϑb)|

(a)

≤
L∑

i=2

|a(θk̄,i)Ha(ϑb)|

(b)

≤
L∑

i=2

1

M |θk̄,i − ϑb|
(c)

≤ 2 (57)

where (a) follows from |αk̄,i| ≤ 1 for i 
= 1 under the event Ā;
(b) holds by Lemma 1; (c) is by |θk̄,i − ϑb| ≥ 1

2 for i 
= 1 under
the event Ā and by L/M ≤ 1 from Condition (C.2). Using (56)
and (57), we have a lower bound on the numerator term X in
the SINR expression in (55) as

X =
1

L

∣∣∣∣∣α∗̄
k,1a(θk̄,1)

Ha(ϑb) +

L∑
i=2

α∗̄
k,ia(θk̄,i)

Ha(ϑb)

∣∣∣∣∣
2

� 1

L

∣∣∣∣ 2π√L− 2

∣∣∣∣2 → 4

π2
, (58)

as M →∞, since L→∞ as M →∞ by Condition (C.1). By
replacing the numerator term X in the SINR expression in (55)
with its lower bound (58), the rate in (55) is lower bounded

by E

[
log

(
1 + 4/π2

1+Y

)∣∣∣ Ā]
. By the convexity of the function

f(x) = log(1 + 1
1+x ) and Jensen’s inequality, we have

E

[
log

(
1 +

4/π2

1 + Y

)∣∣∣∣ Ā
]
≥ log

(
1 +

4/π2

1 + E[Y |Ā]

)
. (59)

We now find an upper bound on E[Y |Ā]. To do
so, we first derive lower bounds on the terms in
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Y = 1
L

∑
b′ �=b |

∑L
i=1 α

∗̄
k,i

a(θk̄,i)
Ha(ϑb′)|2. By Lemma 1,

we have∑
b′ �=b

|α∗̄
k,1a(θk̄,1)

Ha(ϑb′)|2 ≤ |αk̄,1|2
∑
b′ �=b

|a(θk̄,1)Ha(ϑb′)|2

≤ 2|αk̄,1|2
M/2∑
j=1

1

j2
≤ |αk̄,1|2

π2

3
,

(60)

where the second inequality is obtained by re-arranging the
indices of {ϑb′}b′ �=b in the order of closeness to θk̄,1 and using
Lemma 2 and the fact that ϑb′+1 = ϑb′ +

2
M described in (13).

We also have under the event Ā, for i 
= 1

E

⎡
⎣∑

b′ �=b

|a(θk̄,i)Ha(ϑb′)|2
∣∣∣∣∣∣ Ā

⎤
⎦

(a)

≤ ME
[ |a(θk̄,i)Ha(ϑb + 1)|2∣∣ Ā]

(b)

≤ ME

⎡
⎣
∣∣∣∣∣∣
M/2∑
j=1

1

j
1
[
2(j−1)

M , 2jM )
(|θ̃|)|2

∣∣∣∣∣∣ Ā
⎤
⎦

(c)

≤ M

⎛
⎝M/4∑

j=1

2

jM

⎞
⎠2

(d)

≤ (2(log M
4 + 1))2

M
→ 0, as M →∞, (61)

where (a) follows from the fact that since |θk̄,i − ϑb| ∈
[ 12 , 1]⇔ θk̄,i ∈ D := [ϑb + 1− 1

2 , ϑb + 1 + 1
2 ] under the event

Ā due to the periodicity of 2 in the angle domain,
the conditional expectation is maximized when ϑb′ is
located in the center of the domain D, i.e., ϑb′ = ϑb + 1
under the assumed uniform distribution of θk̄,i; (b) holds

due to Lemma 2 with θ̃ := θk̄,i − (ϑb + 1); (c) holds

because Pr
{
1
[
2(j−1)

M , 2jM )
(|θk̄,i − (ϑb + 1)|)|Ā

}
= 2

M for j =

1, 2, · · · , M
4 ; and (d) is valid because

∑M/4
j=1

2
j ≤ 2(log

M
4 + 1).

Based on (60) and (61), E[Y |Ā] is lower bounded as

E[Y |Ā]
(a)

≤ E

⎡
⎣ 1

L

∑
b′ �=b

2|α∗̄
k,1|2|a(θk̄,1)Ha(ϑb′)|2

∣∣∣∣∣∣ Ā
⎤
⎦

+ E

⎡
⎣ 1

L

∑
b′ �=b

2

L∑
i�=1

|α∗̄
k,i|2|a(θk̄,i)Ha(ϑb′)|2

∣∣∣∣∣∣ Ā
⎤
⎦

(b)

≤ 4L

L

π2

3
+ 2E

⎡
⎣∑

b′ �=b

|a(θk̄,i)Ha(ϑb′)|2
∣∣∣∣∣∣ Ā

⎤
⎦ ,

(c)

� 4L

L

π2

3
, (62)

where (a) holds because (
∑n

i=1 xi)
2 ≤∑n

i=1 nx
2
i , (b) follows

from (60) with |αk̄,1| ≤
√
2L and |αk̄,i| ≤ 1 for i 
= 1 under the

event Ā, and (c) holds due to (61).

Finally, by (62), the rate (59) is asymptotically lower
bounded by

Rκb
� rLB,2 = log

(
1 +

4/π2

1 + 4π2/3

)
. (63)

This concludes the proof.
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